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Abstract
In this paper we revisit the motivation and construction of a unified theory of gravity and
electromagnetism, following Weyl’s insights regarding the appealing potential connection between
the gauge invariance of electromagnetism and the conformal invariance of the gravitational field.
We highlight that changing the local symmetry group of spacetime permits to construct a theory
in which these two symmetries are combined into a putative gauge symmetry but with second-
order field equations and non-trivial mass scales, unlike the original higher-order construction by
Weyl. We prove that the gravitational field equations are equivalent to the (trace-free) Einstein
field equations, ensuring their compatibility with known tests of general relativity. As a corol-
lary, the effective cosmological constant is rendered radiatively stable due to Weyl invariance. A
novel phenomenological consequence characteristic of this construction, potentially relevant for
cosmological observations, is the existence of an energy scale below which effects associated with
the non-integrability of spacetime distances, and an effective mass for the electromagnetic field,
appear simultaneously (as dual manifestations of the use of Weyl connections). We explain how
former criticisms against Weyl’s ideas lose most of their power in its present reincarnation, which
we refer to as Weyl relativity, as it represents a Weyl-invariant, unified description of both the
Einstein and Maxwell field equations.
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I. INTRODUCTION
One hundred years ago, the physical view of the world radically changed with the in-
troduction of general relativity and its description of spacetime as an elastic continuum of
geometric nature. At the dawn of general relativity, the electromagnetic field stood alone
as something closer to gravity than to matter. No wonder, people started to think that
the electromagnetic field may also be part of a geometric description of the world. In 1918
Weyl proposed the first unified theory putting together gravity and electromagnetism [1].
Although the theory was received with owe by Einstein himself, appreciating its beauty, he
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rapidly found what he considered a physical contradiction that invalidated the theory on
physical grounds (see Einstein’s appendix to Weyl’s paper): the theory seems to predict a
“second clock effect” which has not been observed (for a description of the second clock
effect see, for instance, Chap. 19 in [2]). Since then, these developments have lived in a
Platonic world of beautiful ideas that seem to have no place in the real world.1
At present we can still argue that gravity and electromagnetism stand alone from the
rest of ingredients of nature. There are other gauge fields, the mathematical description of
which is formally close to that of electromagnetism. However, their effects are confined to
the interstices of matter so that they do not have large distance effects: they do not pervade
the universe as gravity and electromagnetism do, which makes for a great difference from a
physical standpoint. Thus, we think that it still makes sense to wonder whether these two
phenomena could be part of a single geometrical framework. Moreover, we wonder whether
these two theories could be made formally more similar to one another, for instance by
sharing the same symmetry: conformal invariance (recall that the Einstein-Maxwell theory,
though somewhat surprisingly due to the massless character of the excitations described, is
not conformally invariant). This paper revises Weyl’s ideas and their criticisms at the light
of recent new developments by the authors [4, 5] that are ultimately related to the theory
known as unimodular gravity, or its extension Weyl-transverse gravity2 [6–17]; see [18–38]
for recent developments related either with this theory or the core physical ideas behind it.
As far as we know our approach in this paper is completely different, in both its intentions
and emphasis, from other attempts to resurrect Weyl’s ideas such as, e.g., [39–42].
It is convenient to clarify the terminology followed in this paper, as it deviates somewhat
from customs in the literature. In the literature, conformal invariance and Weyl invariance
are terms that are sometimes used interchangeably. However, in this paper these refer
to different concepts. Conformal invariance will refer to the symmetry under local scale
transformations of the gravitational and matter fields, in which these fields are multiplied
by different powers (known as weights) of the same scale factor. This symmetry appears
typically in diffeomorphism-invariant theories. On the other hand, Weyl invariance will refer
1 It is worth remarking that nonetheless Weyl’s construction was the starting point of the extremely suc-
cessful idea of gauge theory that now pervades all of theoretical physics [3].
2 Weyl-transverse gravity is an extension of unimodular gravity that is manifestly invariant under Weyl
transformations, and hence displays the same number of generators of local symmetries as general relativ-
ity. Unimodular gravity is the gauge-fixed version of Weyl-transverse gravity, and not general relativity
as it is sometimes claimed. 4
to the symmetry under the combination of a local scale transformation of the gravitational
field and a gauge transformation of the electromagnetic vector potential. That is, in the latter
not only the gravitational field is multiplied by a scale factor, but also the electromagnetic
vector potential is modified by the addition of a gradient that depends on the very same
scale factor. Moreover, matter fields are not affected (that is, these are of weight zero), which
is only possible in a theory in which the diffeomorphism group is reduced to its transverse
subgroup with the introduction of a background (non-dynamical) volume form
II. WEYL RELATIVITY
A. The Weyl connection and its curvature tensors
In general relativity, the parallel transportation of vector orientations is non-integrable
while the transportation of vector lengths is integrable. Weyl’s proposal is that the latter
quantity has to be also non-integrable through the introduction of a new connection Γ¯cab
with an associated covariant derivative ∇¯a such that
∇¯cgab = QAcgab. (1)
Here Q is a real constant that has in principle nothing to do with the electromagnetic
charge (nor any of the charges that appear in the standard model of particle physics), but
is a new charge associated with the non-integrability of vector lengths. The most general
connection compatible with Eq. (1) can accommodate torsion, though it will be assumed in
the following that this is not the case.3 In the absence of torsion, one can deduce from Eq.
(1) the components of the connection in a coordinate basis:
Γ¯cab =
1
2
gcd [(∂a − QAa)gbd + (∂b − QAb)gad − (∂d − QAd)gab]
= Γcab −
Q
2
[δcaAb + δ
c
bAa − Acgab] , (2)
where Γcab corresponds to the Levi-Civita connection. The Levi-Civita covariant derivative
∇a satisfies the integrability condition
∇cgab = 0. (3)
3 Also the most general connection in the Palatini approach may display an additional vector field [43],
though this is however different from the Weyl connection we deal with in this paper.
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To differentiate these two different structures we will call ∇¯a the Weyl covariant derivative,
and Γ¯cab the Weyl connection.
The construction of the curvature tensors of the Weyl connection follows the same rules
as for any other connection (see, e.g., the discussion in Wald’s book [44]). For instance,
its Riemann curvature tensor is defined as a measure of the noncommutativity of the Weyl
covariant derivative ∇¯a, taking in a coordinate basis the form
R¯dabc = ∂bΓ¯
d
ac − ∂cΓ¯dab + Γ¯dbeΓ¯eac − Γ¯dceΓ¯eab. (4)
The Riemann tensor of the Weyl connection displays the symmetries of the Riemann tensor
of the Levi-Civita connection, and satisfies the two Bianchi identities due to the absence of
torsion.
The corresponding Ricci tensor is given by
R¯ab = R¯
c
acb = ∂cΓ¯
c
ab − ∂bΓ¯cac + Γ¯cceΓ¯eab − Γ¯cbeΓ¯eac. (5)
It is important to keep in mind that the Ricci tensor of the Weyl connection is not symmetric.
It is useful to split the Ricci tensor in its symmetric and antisymmetric parts,
R¯ab = R¯(ab) + R¯[ab]. (6)
The respective explicit forms of these quantities are given by
R¯(ab) = ∂cΓ¯
c
ab − ∂(bΓ¯ca)c + Γ¯cceΓ¯eab − Γ¯cbeΓ¯eac, (7)
and
R¯[ab] = −∂[bΓ¯ca]c = Q(∂bAa − ∂aAb) = −QFab. (8)
The last equation introduces the electromagnetic field tensor Fab as the antisymmetric part
of the Ricci tensor of the Weyl connection.
With these ingredients, two curvature invariants can be introduced. One of them is the
Ricci scalar, defined as
R¯ = gabR¯ab, (9)
which only picks up contributions from symmetric part of the Ricci tensor R(ab). An addi-
tional curvature scalar, constructed using the antisymmetric part of the Ricci tensor R[ab],
is given by
K = gacgbdR¯[ab]R¯[cd] = Q
2gacgbdFabFcd, (10)
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which can be recognized as the combination used in covariant formulations of the Maxwell
field equations. Both curvature scalars in Eqs. (9) and (10) will be used to construct the
action of Weyl relativity.
An important property of the Weyl connection and its curvature tensors is their behavior
under the simultaneous transformation
gab −→ Ω2gab, Aa −→ Aa + 2
Q
∂a ln Ω, (11)
that we will call Weyl transformation. From their definition, it can be checked that the Weyl
connection is Weyl invariant. This follows from the behavior of the Levi-Civita connection
under the transformations in Eq. (11), namely
Γcab −→ Γcab + δca∂b ln Ω + δcb∂a ln Ω− gab∂c ln Ω, (12)
and the transformation of the vector field Aa in Eq. (11).
Note that Weyl transformations leave invariant the Weyl connection (2). These trans-
formations also leave invariant the Riemann and Ricci tensors (both the symmetric and
antisymmetric parts of the latter separately). On the other hand, none of the curvature
scalars are invariant under Weyl transformations: the Ricci scalar verifies
R¯ −→ Ω−2R¯, (13)
while the scalar quadratic in the antisymmetric part of the Ricci tensor behaves as
K −→ Ω−4K. (14)
B. A second-order action principle
In the previous section we have introduced the Weyl connection and the curvature ten-
sors associated with it, discussing the transformation rules of these different quantities with
respect to Weyl transformations. The latter description follows tightly the original construc-
tion by Weyl and later works. It is in this section where our discussion will deviate from the
original discussion, following a different path even if starting from the very same setting.
The observation that prompts the discussion is that the action that would resemble
more closely the Einstein-Hilbert action being at the same time Weyl invariant cannot be
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constructed only in terms of gab. This is due to the transformation rule (13), which implies
that
√−gR¯ −→ Ω2√−gR¯. (15)
Therefore this scalar density cannot be used to construct a Weyl-invariant action through
integration.
As far as we are able to tell, we have come to the conclusion that there are two possible
ways to sort this out (without considering additional fields):
• The familiar, higher-derivative road: Even if the Ricci scalar is not apt for constructing
the action, other curvature invariants could be used, though these have to be of higher
order in the derivatives of the gravitational field. The resulting theories are typically
formulated by means of higher derivative Lagrangian densities, for instance
√−g gacgbdR¯abR¯cd. (16)
In many other ocassions people work with the Bach Lagrangian
√−gCabcdCabcd (where
Cabcd is the Weyl tensor of gab), which is directly Weyl invariant without having to
use the Weyl connection; see for instance [45–50]. This choice also leads to a higher-
derivative theory. These higher derivative theories add typically new degrees of free-
dom to the gravitational sector and not all of them pass the stringent observational
tests of general relativity [51–53]. From another side, current astronomical observa-
tions are telling us that a cosmological constant term is probable to be there (we say
just probably because the observed cosmological acceleration might have other origin
than a cosmological constant [54–57]). So it would be desirable to have field equations
able to accomodate a cosmological constant.
• The unexplored, second-order road: A loophole to the necessity of higher-derivative
theories lies in the consideration of background (that is, non-dynamical) quantities.
These quantities are ubiquitous in physics, being an unmistakable trace of the effec-
tive nature of the descriptions involving them. A simple example would be quantum
electrodynamics, which uses a background Minkowskian structure; another example
which is closer in spirit to the present discussion is Weyl-transverse gravity. For the
purposes of this paper the necessary geometric structure is simpler than a complete
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metric structure, being just a volume form ω in spacetime,4 the introduction of which
reduces the relevant symmetry group from diffeomorphisms to transverse diffeomor-
phisms. This volume form permits to construct a Lagrangian density while offering the
possibility of clearing off the non-invariant terms in Eq. (15). The associated volume
element will be denoted by
√−ω, being it a scalar density with the same weight as
√−g. As we show in the following, this mild background structure alone permits to
construct Weyl-invariant, second-order field equations.
Using the background volume element, we can define the following Lagrangian density:
Lg =
1
2κ
√−ω (g/ω)1/4R¯, (17)
where κ = 8πG/c3 with G the gravitational constant and c the speed of light. Let us empha-
size two properties of the above Lagrangian density. The first one is that the background
volume element permits to tune the power of the determinant of the gravitational field gab
in front of the Ricci scalar R¯ to (−g)1/4 instead of (−g)1/2, while still leading to a scalar
density that can be integrated. This guarantees that the outcome is Weyl invariant, unlike
the combination in Eq. (15). In other words, it can be equivalently said that the mini-
mum background structure needed to lead to a second-order, Weyl-invariant action for the
gravitational field is a background volume form. From the perspective of symmetries, the
construction will be no longer diffeomorphism invariant: the introduction of a background
volume form breaks this symmetry group down to its transverse subgroup, defined as the
set of diffeomorphisms that leave the volume form invariant.
The second property is that, as explained in the previous section, the Ricci scalar R¯ has
the same functional form as the equivalent quantity in Riemannian geometry, but using the
Weyl connection (2) in which the ordinary derivatives ∂a of the gravitational field are replaced
by covariant derivatives ∂a−QAa with respect to the vector field Aa. Therefore, while using
a background volume element is certainly reminiscent of Weyl-transverse (or unimodular)
gravity [5], the scope of the present construction is much larger from both conceptual and
practical perspectives. A clear formal difference lies in the internal structure of the Ricci
scalar R¯ used to define the action (17), which displays a genuine gauge invariance due to
the introduction of the covariant derivative with respect to Aa. The very same feature leads
4 A metric structure is composed of two independent structures: volume and causal structures [58–60].
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to a different coupling between gravitational and electromagnetic fields, the consequences
of which are explained in Secs. II C and IID. Indeed, it can be argued that Weyl relativity
supersedes in some sense Weyl-transverse gravity as a broader construction: as it will be
discussed, the latter is a proper subset of the present construction. This observation leads
to refreshing suggestions about some of its most interesting properties.
While Eq. (17) contains the allowed kinetic terms for the gravitational field gab, kinetic
terms for the vector field Aa should also be included. We will discuss the inclusion of matter
fields later, in Sec. IID. Also there is an additional scalar curvature K, defined in Eq. (10),
which remains to be used. This obvious choice results in the standard Lagrangian density
for the electromagnetic vector potential Aa:
LA = − 1
4µ0Q2
√−g K = − 1
4µ0
√−g gacgbdFabFcd. (18)
In this equation, the vacuum permeability µ0 has been introduced. This scalar density
is Weyl invariant by itself, a feature which stems from the conformal invariance of the
electromagnetic field in 4 dimensions.
This closes the construction of a theory of gravity and electromagnetism (with no matter
fields) that materializes Weyl’s insights, combining the gauge transformations of electromag-
netism and local scale transformations of the gravitational field in the same symmetry. Let
us then summarize the form of the action of Weyl relativity in the absence of matter:
S =
∫
d4x (Lg + LA) =
∫
d4x
√−ω
[
1
2κ
(g/ω)1/4R¯ − 1
4µ0
(g/ω)1/2gacgbdFabFcd
]
. (19)
Each of the two pieces of this action are separately invariant under Weyl transformations
(11), being constructed using the two curvature scalars (9) and (10) and the background
volume form when necessary. The result is indeed the most general action using these
ingredients only, and leading to second-order equations that are preserved under the required
symmetries. This is to be compared with the situation in the Einstein-Maxwell theory in
which the gravitational term, namely the Einstein-Hilbert action, breaks the symmetry under
Weyl transformations. Note also that a cosmological constant term cannot be included in
Eq. (19) without breaking this symmetry; in Sec. III B we will explain briefly how an
effective cosmological constant is nevertheless present in the field equations, and the non-
trivial implications that follow.
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C. The field equations
Armed with the action (19) it is straightforward to deduce the field equations. Let
us nevertheless display this procedure in detail in order to highlight the main differences
between using the gravitational action (17) and the Einstein-Hilbert action.
Before entering into details, it is worth bearing in mind that the trace of the gravita-
tional field equations does not have to be identically zero. While this must certainly be the
case for a theory that is invariant under conformal transformations, invariance under Weyl
transformations (11) leads to the milder identity to be satisfied by the action S . A similar
assertion can be done about the conservation of the source of the Maxwell field equations.
Indeed, considering an infinitesimal Weyl transformation, namely making Ω = 1 + ǫ in Eq.
(11), one has
∫
d4x
(
δL
δgab
δgab +
δL
δAa
δAa
)
= 2
∫
d4x
(
− δL
δgab
ǫgab +
1
Q
δL
δAa
∂aǫ
)
= 0. (20)
Integrating by parts one gets the relation
gab
δL
δgab
+
1
Q
∂a
δL
δAa
= 0. (21)
This equation permits to deduce that the gravitational field equations are not identically
traceless, nor the electromagnetic equations identically conserved, but that both conditions
are effectively verified on the space of solutions of the theory.
Let us start with the gravitational field equations, thus considering the variation of the
action (19) with respect to gab. The variation of the Ricci tensor is given in terms of the
variations of the Christoffel symbols as
δR¯ab = ∇¯cδΓ¯cab − ∇¯aδΓ¯ccb = δdeac∇¯eδΓ¯cdb, (22)
where we have introduced the generalized Kronecker delta
δdeac = 2δ
[d
a δ
e]
c . (23)
Taking into account that δg = −g gabδgab, one has then
2κ δLg =
√−ω (g/ω)1/4
[
R¯(ab) − 1
4
R¯ gab
]
δgab +
√−ω (g/ω)1/4gabδdeac∇¯eδΓ¯cdb. (24)
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The first term in the previous equation is proportional to the traceless part of the Ricci
tensor. In the Einstein-Hilbert scenario, the last term in the previous equation is a bound-
ary term, and hence irrelevant to the field equations. But here it leads to a non-trivial
contribution to the field equations.
Indeed, as we show in App. A, the last term in Eq. (24) can be written up to a boundary
term in the form
√−g (ω/g)1/4δgab∆ab, (25)
where
∆ab = −(g/ω)1/4
(
δe(aδ
f
b) −
1
4
gefgab
)
∇¯f
[
∂e(ω/g)
1/4 + QAe (ω/g)
1/4
]
− Q
(
A(aδ
c
b) −
1
4
Acgab
)[
∂c ln(ω/g)
1/4 + QAc
]
+
3
4
(g/ω)1/4gefgab∇f
[
∂e(ω/g)
1/4 + QAe (ω/g)
1/4
]
. (26)
It is worth checking that this expression is invariant under Weyl transformations. As written
in Eq. (26), the quantity ∆ab is split in its traceless and pure trace parts. These two pieces
have to be independently invariant under Weyl transformations (11). It is easy to show that
the trace part is invariant, being it given by
3
4
(g/ω)1/4gefgab∇f
[
∂e(ω/g)
1/4 + QAe (ω/g)
1/4
]
=
3
4
gab
1√−g (g/ω)
1/4∂e
(√−g gef [∂b(ω/g)1/4 + QAf (ω/g)1/4]) . (27)
The last expression is obtained using the standard form of the divergence of a vector field
in Riemannian geometry; it is then straigthforward to show that the trace part of ∆ab is
invariant under Weyl transformations (11).
Concerning the traceless part of ∆ab, namely the two first lines in Eq. (26), it is given
by the traceless part of the tensor
− (g/ω)1/4∇¯(a
[
∂b)(ω/g)
1/4 + QAb)(ω/g)
1/4
]− QA(a [∂b) ln(ω/g)1/4 + QAb)] , (28)
which is indeed invariant under Weyl transformations (11).
Therefore, the following Weyl-invariant gravitational field equations are obtained, taking
into account that the variation of the electromagnetic part of the action, or in other words
the Lagrangian density LA, is the standard one:
R¯(ab) − 1
4
R¯ gab +∆ab = κ (g/ω)
1/4 TAab, (29)
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where ∆ab is given in Eq. (26) and T
A
ab is the Maxwell stress-energy tensor,
TAab = g
cdFacFbd − 1
4
gab(g
efgcdFecFfd), (30)
A number of facts about these equations are worth remarking. Most of the pieces in these
gravitational field equations are easily identified: the trace-free part of the Ricci tensor,
and the Maxwell stress-energy tensor. The multiplicative factor in front of TAab ensures that
the right-hand side of the gravitational field equations is of zero conformal weight. Apart
from the free electromagnetic field, we have to keep in mind that R¯ab contains additional
dependencies on the electromagnetic gauge field through the Weyl connection defined in Eq.
(2). We will write explicitly the form of the corresponding terms at the end of this section.
Concerning the dynamics of the electromagnetic field, the electromagnetic field equations
can be easily obtained using the previous discussion. There are no surprises in the contri-
bution coming from the variation of the piece LA of the Lagrangian density with respect to
Aa, which is given up to boundary terms by
δLA = − 1
µ0
δAa∂b[
√−g gacgbdFcd]. (31)
However, the variation coming from Lg must be also taken into account, namely
δLg =
1
2κ
√−ω (g/ω)1/4gabδRab
= − 1
2κ
√−g δdeacδΓ¯cdb
(∇e [(ω/g)1/4gab]+ QAe (ω/g)1/4gab) , (32)
where now the variations δΓ¯ceb with respect to Aa are to be considered (see App. A for the
details). The electromagnetic field equations are then given by
∇bF ab + 3µ0Q
2κ
(ω/g)1/4gab
[
∂b ln(ω/g)
1/4 + QAb
]
= 0. (33)
It is not difficult to check that these equations are invariant under Weyl transformations
(11), using the standard relation for the divergence of an antisymmetric tensor:
∇bF ab = 1√−g∂b[
√−g gacgbdFcd]. (34)
Note that Eq. (33) implies that the dimensionful combination µ0Q/κ should have dimensions
of the vector potential Aa times inverse of length.
The field equations (29) and (33) can be partially solved in order to illustrate some of its
most interesting properties. As it was advanced in Eq. (21), the gravitational field equations
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(29) are not traceless, nor the electromagnetic field equations (33) conserved, being these
two features intertwined. The trace of the gravitational field equations is given, as advanced
in Eq. (27), by
gab∆ab =
3√−g (g/ω)
1/4∂e
(√−g gef [∂b(ω/g)1/4 + QAf (ω/g)1/4]) , (35)
which in the absence of matter fields (or if coupled to traceless stress-energy tensors, which as
shown below it is indeed the case) must be zero. Then, the general solution to this equation
can be written explicitly, and corresponds to a specific Helmholtz decomposition of the
vector field Aa in which its longitudinal part is completely determined by the gravitational
field:
Aa = − 1
Q
∂a ln(ω/g)
1/4 + Aˆa, (36)
where Aˆa is a vector field satisfying
∇a
[
(ω/g)1/4Aˆa
]
=
1√−g∂a
[√−g gab(ω/g)1/4Aˆb
]
= 0. (37)
This equation is invariant under Weyl transformations, noticing that from its very definition
in Eq. (36), Aˆa transforms trivially, namely Aˆa −→ Aˆa.
Eq. (36) permits to simplify the form of the field equations. For instance, the Weyl
connection is decomposed under Eq. (36) as
Γ¯cab =
1
2
gˆcd [∂agˆbd + ∂bgˆad − ∂dgˆab]− Q
2
[
δcaAˆb + δ
c
bAˆa − Aˆcgab
]
= Γˆcab −
Q
2
[
δcaAˆb + δ
c
bAˆa − Aˆcgab
]
, (38)
where the following composite, Weyl-invariant gravitational field has been defined:
gˆab = (ω/g)
1/4gab. (39)
Eq. (38) permits to write down a similar decomposition for curvature tensors [40]; e.g.,
R¯ab − 1
4
R¯gab = Rˆab − 1
4
Rˆgˆab + Q
(
∇ˆ(aAˆb) − 1
4
gab∇ˆcAˆc
)
+
Q
2
2
(
AˆaAˆb − 1
4
gabAˆ
cAˆc
)
, (40)
where ∇ˆ is the covariant derivative associated with Γˆcab as defined in Eq. (38). Also Eq.
(26) is simplified down to
∆ab = −Q
(
∇ˆ(aAˆb) − 1
4
gab∇ˆcAˆc
)
− 2Q2
(
AˆaAˆb − 1
4
gabAˆcAˆ
c
)
+
3
4
Qgˆab∇ˆcAˆc. (41)
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Overall, the trace of the gravitational field equations can be solved independently in this
way. This leaves only the traceless part of the gravitational field equations in Eq. (29)
which, using Eqs. (40) and (41) can be written as
Rˆab − 1
4
Rˆgˆab − 3Q
2
2
(
AˆaAˆb − 1
4
gabAˆ
cAˆc
)
= κ (g/ω)1/4 TAab, (42)
or equivalently,
Rˆab − 1
4
Rˆgˆab = κ
(
Tˆ Aˆab −
1
4
Tˆ Aˆcdgˆ
cdgˆab
)
, (43)
where Tˆ Aˆab is the stress-energy tensor of a Proca field with mas proportional to Q
2 and written
in terms of gˆab:
Tˆ Aˆab −
1
4
Tˆ Aˆcdgˆ
cdgˆab
= gˆcdFacFbd − 1
4
gˆab(gˆ
ef gˆcdFecFfd) +
3Q2
2κ
(
AˆaAˆb − 1
4
gˆabgˆ
cdAˆcAˆd
)
. (44)
Accordingly, the electromagnetic field equations take the form associated with a Proca field,
∇bF ab + 3µ0Q
2
2κ
(ω/g)1/4gabAˆb = 0. (45)
Note that in the left-hand side of the gravitational field equations (43), curvature tensors
are evaluated on the composite gravitational field defined in (39), which makes these equa-
tions invariant under Weyl transformations (recall that Aˆa remains unchanged under these
transformations). In these equations, Fab is indistinctly the field strength associated with
Aa or Aˆa. Eqs. (43) and (45) are the field equations in the absence of additional matter
fields.
Summarizing, the field equations of Weyl relativity in the absence of matter fields are
equivalent to the trace-free Einstein equations characteristic of Weyl-transverse gravity, with
a massive vector field. The additional polarization in the electromagnetic field just describes
the additional degree of freedom in the theory besides the four degrees of freedom associated
with massless gravitons and photons. This additional degree of freedom can be explicitly
embedded in either the gravitational or the electromagnetic part of the theory, by using
Weyl transformations (see the related discussion in Sec. II E). It is quite interesting that
this effective mass term arises due to the introduction on non-integrability effects on space-
time (both effects are controlled by the same dimensional constant Q). In the limit of
small field and small mass these equations become locally indistinguishable from standard
electromagnetism.
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D. Introducing matter fields
The discussion has covered so far the construction of a unified theory of gravity and
electromagnetism only, with no matter fields. Among other features, in the case of matter
fields it would be necessary to introduce non-trivial mass scales. While in the original
construction by Weyl it is not easy to include massive fields, it is interesting to note that the
same ingredient which permits the construction of second-order field equations also makes
room for the inclusion of non-trivial mass scales; a detailed discussion can be read in [5].
To construct the matter action let us take a modified minimal prescription in the transi-
tion from flat to curved spacetimes. In this prescription, any flat metric ηab is replaced by
gˆab defined in Eq. (39). For fermion fields a similar definition exists for the vierbein field
[5]. For instance, the action for a free massive scalar field would be given by
Sφ =
1
2
∫
d4x
√−ω (gˆab∂aφ∂bφ−m2φ2) . (46)
Note that a general potential term V (φ) could be included instead of the mass term. The
introduction of a background volume form ω permits to write down a non-trivial mass
term without spoiling the Weyl invariance of the theory; of course, this trades longitudinal
diffeomorphisms (i.e., the diffeomorphisms that do not preserve the volume form ω) for Weyl
transformations as the members of the symmetry group of the theory.
On the other hand, the coupling of the electromagnetic field to matter fields is done
through the standard prescription, replacing the derivatives in the kinetic terms of charged
fields by covariant derivatives with respect to the gauge connection Aa. Following these
specific minimal coupling prescriptions, fields with arbitrary spin and potential terms (and in
particular, the entire standard model of particle physics) can be coupled both to gravitational
and electromagnetic fields.
Let us now discuss the effect of a matter action SM [g] = S
0
M [gˆ(g)] composed of an
arbitrary number of fields of different spin and mass. Let us define S 0M [g] as the action in
general relativity that is obtained following the standard minimal coupling prescription in
the framework of the Einstein-Maxwell theory. Then one has
δSM
δgab
=
δS 0M
δgˆcd
δgˆcd
δgab
= (g/ω)1/4
δS 0M
δgˆcd
(
δc(aδ
d
b) −
1
4
gcdgab
)
= (g/ω)1/4
(
δS 0M
δgˆab
− 1
4
gcd
δS 0M
δgˆcd
gab
)
. (47)
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The latter equation implies that the difference between the minimal prescription that we
follow here and the standard one is that variations with respect to gab pick up only traceless
tensors. In particular, this implies that the matter source of the gravitational field equations
is given by the traceless part of the stress-energy tensor. Hence the trace of the gravitational
field equations can be solved independently as in the vacuum case, leading to
Rˆab − 1
4
Rˆgˆab = κ
(
Tˆab − 1
4
Tˆcdgˆ
cdgˆab
)
, (48)
where Tˆab = Tˆ
Aˆ
ab+ Tˆ
M
ab . On the other hand, the electromagnetic field equations take the form
∇bF ab + 3µ0Q
2
2κ
(ω/g)1/4gabAˆb = J
a =
δSM
δAa
, (49)
where Ja is the standard electromagnetic current. Eqs. (48) and (49) are the field equations
of Weyl relativity in the presence of an arbitrary matter content; for instance, TˆMab may
correspond to the stress-energy tensor of a perfect fluid.
E. Weyl relativity and diffeomorphism invariance
Up to here, our line of reasoning in constructing a Weyl-relativity theory has been heuris-
tic and inspired by the presence of a fiduciary volume elements in Weyl-transverse gravity.
However, there is an alternative logic to build up a theory that shares several important
elements with the previous construction (although not all of them).
Let us for instance start from the two physical fields, {gab, Aa}, considered in Weyl’s
geometrical construction. One could ask whether it is possible to build a set of tensorial,
second-order and Weyl-invariant field equations using only these two fields. The answer
is no: without employing additional non-dynamical structures, the tensorial requirement
turns up to be equivalent to requiring the diffeomorphism invariance of the construction.
The obstruction to find such a construction is the same we discussed above regarding the
different conformal weights of gravitational and electromagnetic sectors. The minimal way
in which one can avoid this obstruction is by introducing a single additional scalar field φ
that under Weyl transformations changes as
φ→ φ+ 2 lnΩ. (50)
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Then, one can construct a Lagrangian density of the form
L =
1
2κ
√−ge−φgabR¯ab − 1
4cµ0
√−gFabFcdgacgbd. (51)
+
1
2
√−ge−φgab (∂aφ− QAa) (∂bφ− QAb)− 1
2κ
√−gλe−2φ.
It is not difficult to see that this theory is invariant under both diffeomorphisms and Weyl
transformations. The theory has 10+4+1 degrees of freedom (DOFs) and 5 gauge symme-
tries. A rapid counting of degrees of freedom indicates that the gauge symmetries eliminate
10 degrees of freedom, leaving a total of 5 physical degrees of freedom. Thus, apart from
the 2 + 2 degrees of freedom associated with massless gravitons plus massless photons, we
have one additional degree of freedom which can be associated to a mass for the photon or
to an additional scalar field of gravitational origin. See [61, 62] for additional discussions on
this theory as well as extensions to include additional standard model fields.
This diffeomorphism invariant theory is formally equivalent to the Stueckelberg model for
an Abelian vector field (see, e.g., [63] and references therein). For instance, if one absorbs
the scalar field into the definition of a new vector field A˜a ≡ Aa−(1/Q)∂bφ and a new metric
g˜ab ≡ e−φgab. The Lagrangian density is now
L=
1
2κ
√
−g˜g˜abR¯ab(g˜, A˜)− 1
4cµ0
√
−g˜F˜abF˜cdg˜acg˜bd. (52)
+
1
2
Q
2
√
−g˜g˜abA˜aA˜b − 1
2κ
√
−g˜λ,
where in the definition of the Weyl connection used in R¯ab(g˜, A˜), the metric gab is replaced
by Gab, and the connection Aa by A˜a. Removing a total divergence, this Lagrangian density
can be rewritten as
L=
1
2κ
√
−g˜g˜abRab(g˜)− 1
4cµ0
√
−g˜F˜abF˜cdg˜acg˜bd. (53)
+
(
Q
2
2
− 3
4κ
)√
−g˜g˜abA˜aA˜b − 1
2κ
√
−g˜λ,
Written in this way, it is evident that the theory is equivalent to general relativity with a
cosmological constant term coupled to a Proca field. Depending on the perspective adopted
one could say that in the new variables Weyl invariance is hidden, or that the new theory
does not display any Weyl invariance (the same observation applies to the Stueckelberg
model).
Starting from the theory defined in Eq. (52) there is an alternative way of eliminating
the scalar field but now maintaining explicitly Weyl invariance, while breaking part of the
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diffeomorphism group. This can be done by introducing precisely a fiduciary volume element
√−ω. Then, one can tie the value of φ to that of the metric by setting
φ = ln(g/ω)1/4. (54)
Defining now
gˆab = (g/ω)
1/4gab, Aˆa = Aa − 1
Q
∂a ln(g/ω)
1/4, (55)
we end up with the very Lagrangian density that we have described in Sec. II B:
L=
1
2κ
√
−gˆgˆabRˆab − 1
4cµ0
√
−gˆF˜abF˜cdgˆacgˆbd. (56)
+
(
Q
2
2
− 3
4κ
)√
−gˆgˆabAˆaAˆb − 1
2κ
√−ωλ.
As discussed the theory is explicitly Weyl invariant but now it is not completely diffeormor-
phism invariant. This is so because the theory has an additional volume element: only the
subset of diffeomorphism that leave this volume element un changed leave the form of the
equations unchanged, that is, the ξa such that ∇ˆaξa = 0.
Constraining the scalar field φ to be given by Eq. (54) at the level of the action (that
is, before extracting the field equations) is not inconsequential. Due to this constraint,
the variation of the action leads to the traceless Einstein equations instead of the standard
Einstein field equations. This produces a subtle but very relevant change in some of the
properties of the theory: the theory can incorporate an effective cosmological constant (given
by an integration constant) without any problems of naturalness, due to the protection
granted by Weyl invariance. This is explained in more detail in Sec. III B.
Starting from a theory that is both invariant under Weyl transformations and diffeomor-
phisms, it might seem unnatural to consider the restriction of the group of diffeomorphisms
to its transverse part (defined by means of a given volume form). However, if one starts
constructing a non-linear theory of gravity starting from a linear theory (Fierz-Pauli theory)
defined in a fixed background, this possibility is certainly natural (and quite interesting) [4],
as in this way one would retain some reminiscence, namely the volume element, of its origin.
In any case, it is interesting to keep in mind the two alternative ways above to deal with a
Weyl-invariant theory.
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III. FURTHER OBSERVATIONS
A. Regarding previous criticisms to Weyl’s ideas
The main criticism against Weyl’s original theory is that it seems to predict the existence
of a “second clock” effect: two synchronized clocks initially at the same position but travel-
ling through different regions, encountering different values of electromagnetic fields, should
display different clock rates after being reunited (see, e.g., [64] for a recent discussion).
Putting it in an even stronger way, two identical particles with identical masses, after being
separated and reunited again should have different masses (mass is nothing but a length
scale in this context). These two effects would be consequences of the non-integrability of
spacetime distances in Weyl-like theories.
In more detail, non-integrability implies that distances (proper times) along a single
geodesic do not have a physical meaning, not being Weyl invariant. However, if one compares
the ratio between the distance between two events P and Q that are defined following two
different curves γ1 and γ2, the result is physical and given by
τ2
τ1
= exp
(
Q
∫
γ2
Aa dl
a − Q
∫
γ1
Aa dl
a
)
= exp
(
Q
∫
γ2
Aˆa dl
a − Q
∫
γ1
Aˆa dl
a
)
. (57)
Note that Weyl transformations leave the quantity above invariant, as
∫
γ2
(
Aa +
2
Q
∂a lnΩ
)
−
∫
γ1
(
Aa +
2
Q
∂a ln Ω
)
=
∫
γ2
Aa −
∫
γ1
Aa. (58)
Hence in this theory only the quotient between distances in spacetime is well defined.
These non-integrability effect on spacetime distances have not been observed, which
means that it should be possible to constrain the value of Q (note that for Q = 0 there
is no second clock effect). In principle, experiments can just set upper bounds to its value.
Interestingly, in the realization of Weyl’s ideas presented in this paper, the parameter Q that
controls non-integrability effects also leads to an effective mass for the electromagnetic field,
as it can be read from the electromagnetic field equations (49). We know from experiments
that this effective mass has to be extremely small, implying at the same time the smallness
of non-integrability effects. Note that it was claimed that the second clock effect should
accumulate in time making it observable in current experiments, provided it existed [65].
To our knowledge, there is no in-depth analysis of experiments that can be used to measure
this effect, describing also how tight the corresponding bounds on the value of Q are. While
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it is clear that the second clock effect would introduce, for instance, an extra width in the
spectral lines, whether or not this width can be indirectly detected in experimental setups
not specifically designed to amplify and observe the effect itself may be quite non-trivial
and, in our opinion, worth studying in detail.
A second, and stronger comment is due to Weyl himself. He stressed that the notion of
proper time that is constructed using the spacetime metric might not directly correspond
to the proper time measured by material measuring devices. As Pauli remarked [65], if this
view is correct there will not be “direct conflicts with experiments”. However, the presence
of fiduciary elements in the theory without direct operational meaning would seem to make
the theory “to have been robbed of its intrinsic convincing power”. Weyl’s view is reinforced
in the present construction by looking at the matter sector. The presence of rest masses in
this sector does not break the Weyl invariance of the theory (recall that this Weyl invariance
is different from other forms of conformal invariance in which the matter fields also acquire
conformal weights). These masses are not affected whatsoever by the dynamics of the
gravitational and electromagnetic fields. In a sense it is as if gravity plus electromagnetism
were conformally invariant and non-conformal matter was breaking effectively this symmetry.
Regarding the “decrease of convincing power” we assume here the view that these fiduciary
elements might not have any role at the classical level but might acquire an active role in a
higher-level description of reality. They are maybe reminding us about the effective nature
of the theories at hand, whispering paths towards deeper descriptions.
B. The cosmological constant and the quantum vacuum
We have explained in Sec. IID that the gravitational field equations take the form of the
trace-free Einstein field equations:
Rˆab − 1
4
Rˆgˆab = κ
(
Tˆab − 1
4
Tˆcdgˆ
cdgˆab
)
. (59)
These represent a set of 9 equations instead of the 10 equations of general relativity. How-
ever, as is well known (see, e.g., [16, 17]), an exact equivalence with general relativity can be
obtained by imposing as an additional requirement the conservation of the standard stress-
energy tensor of the matter fields. This is an additional equation, that cannot be deduced
from the symmetries of the theory (the symmetries of the theory only imply that the di-
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vergence of the stress-energy tensor is given by the gradient of an unknown function; it is
possible that including this kind of non-conservation may be interesting phenomenologically
[66]):
∇ˆaTˆab = 0. (60)
Under this condition, the entire set of Einstein equations is recovered,
Rˆab − 1
2
Rˆgˆab + Λgˆab = κ Tˆab, (61)
with a cosmological constant term appearing as an integration constant. That an effective
cosmological constant arises in the gravitational field equations as an integration constant
without breaking the Weyl symmetry (note that Eqs. (61) are explicitly invariant under
Weyl transformations) that forbid a cosmological term in the action is worth remarking.
It is important to emphasize that the matter stress-energy in the right-hand side of Eq.
(61) accommodates general potential terms involving even non-trivial mass scales. This
is due to the fact that only the complete stress-energy tensor, including potential terms,
is conserved. Hence, it does not appear possible to phenomenologically distinguish Weyl
relativity from general relativity coupled to matter at the classical level (if conservation of
the matter stress-energy tensor is assumed).
Most importantly, the protection granted by Weyl symmetry forbids radiative corrections
to the cosmological constant in Eq. (61) or, in other words, makes the quantum vacuum non-
gravitating. That is, there is no term in the Lagrangian density that is Weyl invariant, while
at the same time leading to a cosmological constant in the field equations. This is preserved
by quantum corrections to the theory, due to the fact that Weyl symmetry is not anomalous.
Indeed, the same result that was shown in [5] can be generalized straightforwardly to Weyl
relativity, as the main necessary element in the proof is the background volume element
√−ω. Moreover, in Weyl relativity it is made explicit that this protection is granted due to
a genuine gauge symmetry involving the gauge field Aa, Weyl invariance.
C. Why Weyl relativity?
General relativity follows from implementing the group of diffeomorphisms (Diff) as a
gauge symmetry. Maintaining the number of degrees of freedom, it has been realized that
an alternative group that can be used is the combination of transverse diffeomorphisms
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plus Weyl transformations (sometimes called WTDiff). Diff and WTDiff are distinct groups
which are not contained in each other [18]. We are used to defend the diffeomorphism in-
variance of Einstein relativity by arguing that physics should not depend on the coordinate
system that an observer selects to describe the system. For the sake of the following discus-
sion, let us exchange the previous words “on the coordinate system” by the more vague “on
the manner”. Starting from this second phrasing, one would have to find a precise definition
of what does one mean by “on the manner”. The WTDiff group offers an alternative defini-
tion to the traditional Diff invariance. This is why we have decided to associate the WTDiff
group with a Weyl relativity principle and denote the resulting theory Weyl relativity.
In this regard, it is interesting to realize that the very operational construction of refer-
ential systems is tied up to the assumed theoretical framework. If one accepts that nature is
Diff invariant, then it is possible to construct physical coordinate systems, for example, by
sending light signals to four referential worldlines. Instead, if nature were WTDiff invariant,
one would not be able to construct complete coordinate systems: one would have to con-
struct coordinates modulo a (local) scale plus a separate scale retrieved by comparison with
some fiducial one. So the WTdiff construction appears as self-consistent as the standard
one based on Diff.
As an example one can note that in Einstein relativity, it is allowed to stretch locally the
physical description in just one direction by using a pure volume Diff transformation (take
for instance ∇aξa = ρ with ρ representing a string-like source). Effectively, a transformation
in which this stretching becomes divergently large is as if locally there was an effective
dimensional reduction: one dimension is divergently large with respect to the others. Should
this type of transformation be part of the set of possible descriptions? We do not know.
These are precisely the type of transformations that do not belong to WTDiff: in Weyl
relativity one can just change the shape of an object, respecting its volume (these correspond
to TDiff transformations, which are part of both Diff and WTDiff), and then locally rescale
the volume; locally any “stretching” of the physical description has to be isotropic. As
a general lesson one can expect that in mesoscopic situations (meaning far from a global
cosmological setting and far from a quantum microscopic regime) Diff and WTDiff should
lead to equivalent phenomenologies, as it seems to be the case. However, when trying to
elucidate the microscopic foundation of geometry or the cosmological behaviour of spacetime,
they might lead to different pictures.
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IV. SUMMARY
Let us summarize the main properties of the theory of Weyl relativity introduced in this
paper:
• The field equations are quadratic in the derivatives of the gravitational, electromag-
netic, and matter fields. These are invariant under Weyl transformations, a combi-
nation of local scale transformations of the gravitational fields and electromagnetic
gauge transformations, that do not affect matter fields.
• The field equations are closer to those of general relativity than in the original Weyl
theory, being equivalent to the trace-free Einstein field equations that appear in Weyl-
transverse gravity (or its gauge-fixed version, unimodular gravity) which, in vacuum
or under the conservation of the matter stess-energy tensor in the presence of matter
fields, are in turn equivalent to the entire set of Einstein field equations.
• The non-linear interactions between the gravitational and electromagnetic fields man-
ifest through an effective mass term for the electromagnetic vector potential. This
mass scale is controlled by the dimensional constant that is also associated with the
non-integrablity of spacetime distances, a characteristic phenomenon of using a Weyl
connection. Phenomenological implications of these two features can be tested over
long enough distances, most probably in cosmological observations.
• Matter fields are not necessarily massless, but non-trivial mass scales can be included.
Given that Weyl invariance does not affect matter fields, mass terms are compatible
with the gauge symmetries of the theory. Equivalently, this is possible due to the
introduction of a background (non-dynamical) volume form.
• Weyl invariance forbids the inclusion of the cosmological constant term in the action.
Nevertheless, the theory accommodates a cosmological constant arising as an integra-
tion constant in the gravitational field equations. Thanks to this subtle mechanism
the field equations allow solutions with non-zero cosmological constant, ensuring at
the same time that this quantity is protected by the gauge symmetries of the theory
from acquiring a large value due to the fluctuations of the quantum vacuum.
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Appendix A: Useful identities
In this appendix me make a detailed discussion of the necessary mathematical identities
that are necessary in order to deduce the form of the field equations, thus filling the gaps in
the discussion presented in Sec. IIC.
The starting point in dealing with the variational principle leading to the gravitational
field equations is to consider the variation of the Ricci tensor defined in Eq. (7), namely
δR¯(ab) = ∂cδΓ¯
c
ab − ∂(bδΓ¯ca)c + δΓ¯cceΓ¯eab + Γ¯cceδΓ¯eab − δΓ¯cbeΓ¯eac − Γ¯cbeδΓ¯eac. (A1)
This equation can be conveniently written as
δR¯(ab) = ∇¯cδΓ¯cab − ∇¯(aδΓ¯cb)c = −δdec(a∇¯eδΓ¯cb)d, (A2)
using the definition of the generalized Kronecker delta
δdeac = 2δ
[d
a δ
e]
c . (A3)
The variation of the gravitational Lagrangian density defined in Eq. (17) is then given by
2κ δLg =
√−ω (g/ω)1/4
[
R¯(ab) − 1
4
R¯ gab
]
δgab +
√−ω (g/ω)1/4gabδdeac∇¯eδΓ¯cdb. (A4)
While it is straightforward to obtain the corresponding piece of the gravitational field equa-
tions from the first term in the previous equation, doing the same with the last term needs
more elaboration. Note that in the Einstein-Hilbert case the corresponding term, coming
from the variation of the Ricci tensor, is merely a boundary term thus making things simpler.
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The corresponding piece can be written as
√−ω (g/ω)1/4gabδdeac∇¯eδΓ¯cdb
=
√−g ∇¯e
[
(ω/g)1/4gabδdeacδΓ¯
c
db
]−√−g δdeacδΓ¯cdb∇¯e [(ω/g)1/4gab] . (A5)
Using the relation
∇¯aXa = ∇aXa − 2QAaXa, (A6)
where Xa is an arbitrary vector field, the first term of Eq. (A5) can be written, up to
boundary terms, as
√−ω (g/ω)1/4gabδdeac∇¯eδΓ¯cdb
= −2Q√−g Ae(ω/g)1/4gabδdeacδΓ¯cdb −
√−g δdeacδΓ¯cdb∇¯e
[
(ω/g)1/4gab
]
= −√−g δdeacδΓ¯cdb
(∇¯e [(ω/g)1/4gab]+ 2QAe (ω/g)1/4gab) . (A7)
Let us take a detour to show that this expression is invariant under Weyl transformations.
The transformation of Christoffel symbols under an infinitesimal transformation gab −→
gab + δgab is given by
δΓ¯cab =
1
2
gcd (∇aδgdb +∇bδgad −∇dδgab) + Q
2
Ad δ(gabg
cd), (A8)
where ∇a is the covariant derivative compatible with gab. The first term in the latter
equation is the infinitesimal difference δΓcab between the Levi-Civita connections associated
with gab + δgab and gab. Being the difference between two Weyl-invariant objects, namely
two Weyl connections, Eq. (A8) must be invariant under Weyl transformations (11). This
can be checked explicitly, writing
δΓ¯cab =
1
2
gcd (∂aδgdb + ∂bδgad − ∂dδgab)− Γeabgcdδged +
Q
2
Ad δ(gabg
cd). (A9)
Under a Weyl transformation (11),
δΓ¯cab −→ δΓ¯cab + gcd (δgdb∂a ln Ω + δgad∂b ln Ω− δgab∂d lnΩ)
− gcd (δea∂b ln Ω + δeb∂a ln Ω− gab∂e ln Ω) δged + ∂d lnΩ δ(gabgcd). (A10)
Taking into account that gcdδgde = −gdeδgcd, it results indeed
δΓ¯cab −→ δΓ¯cab. (A11)
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Let us write Eq. (A9) in a compact notation as
δΓ¯cdb = −
1
2
Dfpqdblg
clgprgqs∇fδgrs + Q
2
(Argdbδ
c
s − Acgdrgbs)δgrs, (A12)
with
Dfpqdbl = δ
f
dδ
(p
l δ
q)
b + δ
f
b δ
(p
l δ
q)
d − δfl δ(pd δq)b . (A13)
Therefore the last term in Eq. (A4) is given by
√−ω (g/ω)1/4gabδdeac∇¯eδΓ¯cdb
=
1
2
√−g δdeacDfpqdblgclgprgqs
(∇¯e [(ω/g)1/4gab]+ 2QAe (ω/g)1/4gab)∇fδgrs
− Q
2
√−g δdeac(Argdbδcs − Acgdrgbs)
(∇¯e [(ω/g)1/4gab]+ 2QAe (ω/g)1/4gab) δgrs. (A14)
Note that
δdeacD
fpq
dbl = E
efpq
acbl = 2δ
f
[aδ
e
c]δ
(p
l δ
q)
b + 2δ
f
b δ
(p
[a δ
e
c]δ
q)
l + 2δ
f
l δ
e
[aδ
(p
c] δ
q)
b . (A15)
Eq. (A14) permits to obtain the form of the corresponding piece ∆ab in the field equations,
R¯(ab) − 1
4
R¯ gab +∆ab = κ (g/ω)
1/4 TAab, (A16)
as
∆ab =− 1
2
(g/ω)1/4Eefpqrcslg
clgpagqb∇f
(∇¯e [(ω/g)1/4grs]+ 2QAe (ω/g)1/4grs)
− Q
2
(g/ω)1/4 δderc
(
A(aδ
c
b)gds − Acgd(agb)s
) (∇¯e [(ω/g)1/4grs]+ 2QAe (ω/g)1/4grs) .
(A17)
Using the contravariant version of Eq. (1), this tensor can also be written as
∆ab =− 1
2
(g/ω)1/4Eefpqrcslg
clgpagqb∇f
(∇e [(ω/g)1/4grs]+ QAe (ω/g)1/4grs)
− Q
2
(g/ω)1/4 δderc
(
A(aδ
c
b)gds − Acgd(agb)s
) (∇e [(ω/g)1/4grs]+ QAe (ω/g)1/4grs) .
(A18)
Using the following identities,
Eefpqrcslg
clgrsgpagqb = 2
(
δe(aδ
f
b) − gabgef
)
, (A19)
δdercg
rsgds = 3δ
e
c , (A20)
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and
δdercgd(agb)sg
rs = gabδ
e
c − gc(aδeb), (A21)
Using these, the form of ∆ab can be further simplified down to
∆ab =− (g/ω)1/4
(
δe(aδ
f
b) − gdfgab
)
∇f
[
∂e(ω/g)
1/4 + QAe (ω/g)
1/4
]
− 2Q
(
A(aδ
e
b) −
1
4
Aegab
)[
∂e ln(ω/g)
1/4 + QAe
]
. (A22)
It is useful to split this equation in its traceless and pure trace parts. This decomposition is
given by
∆ab =− (g/ω)1/4
(
δe(aδ
f
b) −
1
4
gdfgab
)
∇f
[
∂e(ω/g)
1/4 + QAe (ω/g)
1/4
]
− 2Q
(
A(aδ
e
b) −
1
4
Aegab
)[
∂e ln(ω/g)
1/4 + QAe
]
+
3
4
gab(g/ω)
1/4gcd∇c
[
∂d(ω/g)
1/4 + QAd (ω/g)
1/4
]
. (A23)
Using the definition of the covariant derivative ∇¯, the previous equation can be equivalently
written as
∆ab =− (g/ω)1/4
(
δe(aδ
f
b) −
1
4
gdfgab
)
∇¯f
[
∂e(ω/g)
1/4 + QAe (ω/g)
1/4
]
− Q
(
A(aδ
e
b) −
1
4
Aegab
)[
∂e ln(ω/g)
1/4 + QAe
]
+
3
4
gab(g/ω)
1/4gcd∇c
[
∂d(ω/g)
1/4 + QAd (ω/g)
1/4
]
. (A24)
This expression makes transparent that ∆ab is invariant under Weyl transformations (11).
Now let us deal with the contribution of the variation of the Ricci tensor in the gravita-
tional Lagrangian density to the electromagnetic field equations. The corresponding terms
are given by Eq. (A14), namely
√−ω (g/ω)1/4gabδdeac∇¯eδΓ¯cdb
= −√−g δdeacδΓ¯cdb
{∇e [(ω/g)1/4gab]+ QAe (ω/g)1/4gab} , (A25)
where now the variations δΓ¯ceb with respect to Aa are to be considered.
δΓ¯cdb = −
Q
2
OcrdbδAr, (A26)
where
Ocrdb = δ
c
dδ
r
b + δ
c
bδ
r
d − gdbgcr, (A27)
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so that
√−ω (g/ω)1/4gabδdeac∇¯eδΓ¯cdb
=
Q
2
√−g δdeacOcrdb
{∇e [(ω/g)1/4gab]+ QAe (ω/g)1/4gab} δAr. (A28)
The corresponding piece takes the form of an additional, Weyl invariant current:
∇bF ab + 3Q(ω/g)1/4gab
[
∂b ln(ω/g)
1/4 + QAb
]
= 0. (A29)
Appendix B: Linear Weyl relativity over a flat background
As a complementary discussion, let us construct here a linear Weyl-invariant theory for
fields hab and Aa over a Minkowski background. One can easily realize that any combination
∂chab − QAcηab (B1)
exhibits Weyl invariance, now meaning invariance under hab → hab + ϕηab and Aa → Aa +
(1/Q)∂aϕ. Now let us consider the invariance of the action under a gauge transformation of
the form hab → hab + ∂(aξb), hereafter LDiff symmetry. We have choosen this name because
this symmetry is equal to the linear version of the diffeomorphism symmetry group Diff
in standard general relativity. Recall however that at the linear level this symmetry has
nothing to do with changes of coordinates. Note also that at the linear level we are not
requiring the modification of Aa under LDiff.
Following [18] we know that there is a family of systems that are invariant under transverse
transformations in LDiff (TLDiff), that is, those LDiff transformations satisfying ∂aξ
a = 0.
If we define the following possible terms that a linear theory might have
L1 = −1
4
∂ah
bc∂ahbc, L2 = −1
2
∂ah
ab∂ch
c
b, (B2)
L3 =
1
2
∂ah
ab∂bh, L4 = −1
4
∂ah∂
ah, (B3)
it is possible to show that any combination
L = L1 −L2 + c3L3 + c4L4, (B4)
with c3, c4 arbitrary constants is TLDiff invariant. To construct a Weyl invariant theory we
just have to substitute ∂chab → ∂chab−QAcηab. However, in doing so one has to ensure that
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the new interaction terms between hab and Aa do not spoil the TLDiff symmetry of the free
kinetic terms. It is not difficult to see that this condition fixes c3 = −1/2, but leaving c4
still arbitrary.
The linear Weyl tranverse gravity Lagrangian in [18] fixes also the value of c4 = −3/8.
Thus, the linear Weyl relativity theory we are constructing here, when Aa = 0 can be written
as
L = LWTgrav + (c4 + 3/8)L4. (B5)
Whenever c4 6= −3/8 this gravitational theory has one degree of freedom more that WTDiff
gravity and Fierz-Pauli theory: the trace of hab, a scalar field, is also a dynamical piece of the
theory. Thus, the theory entails spin-two gravitons plus a scalar field. It is also interesting
to realize that already at the linear level it is not possible to have the entire LDiff symmetry
and Weyl invariance: starting from a Fierz-Pauli Lagrangian the interaction terms necessary
for adding Weyl invariance break the initial LDiff invariance.
The entire linear Weyl relativity Lagrangian we have built reads
L = LWTgrav(∂chab −Acηab) + (c4 + 3/8)L4(∂chab −Acηab)− 1
4
FabF
ab. (B6)
In fact, it is not difficult to check that this theory can be written equivalently in the simpler
fashion
L = LWTgrav(∂chab) + (c4 + 3/8)L4(∂chab − Acηab)− 1
4
FabF
ab. (B7)
The LWTgrav(∂chab) piece is Weyl invariant by itself without the need to add to it interaction
terms. Apart from this term, the rest of the Lagrangian
−1
4
(c4 + 3/8)(∂ah− 4QAa)(∂ah− 4QAa)− 1
4
FabF
ab, (B8)
can be seen to be equivalent to the Stueckelberg Lagrangian [63]. By defining a new A¯a as
A¯a = Aa − 1
4Q
∂ah, (B9)
this remaining piece of the theory can be seen to correspond to a Proca field. Therefore
the new scalar degree of freedom in the gravitational theory can be seen alternatively as a
longitudinal degree of freedom for the electromagnetic field. The geometric theory we have
presented in the bulk of the paper corresponds in the linear limit to this theory precisely.
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In the linear analysis just above one can easily distinguish between invariance under
changes of coordinates (Diff) and gauge transformations (LDiff). Being the background
metric non-dynamical, Diff invariance is not fully implemented though. By itself the invari-
ance under coordinate changes does not play any role in eliminating degrees of freedom as
gauge invariance does. However, at the non-linear level these two notions become mixed up.
As is well known in standard general relativity, the deformation of LDiff leads to proper Diff
in a curved and dynamical manifold [4, 67, 68].
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